Abstract. The first step toward the application of an effective non partial wave (PW) numerical approach to few-body atomic bound states has been taken. The two-body transition amplitude which appears in the kernel of three-dimensional Faddeev-Yakubovsky integral equations is calculated as function of two-body Jacobi momentum vectors, i.e. as a function of the magnitude of initial and final momentum vectors and the angle between them. For numerical calculation the realistic interatomic interactions HFDHE2, HFD-B, LM2M2 and TTY are used. The angular and momentum dependence of the fully off-shell transition amplitude is studied at negative energies. It has been numerically shown that, similar to the nuclear case, the transition amplitude exhibits a characteristic angular behavior in the vicinity of 4 He dimer pole.
Introduction
In recent years the 4 He trimer and tetramer have been the center of several theoretical investigations (see, for example, Refs. [1, 2, 3] and references therein). From all employed methods in these studies, the Faddeev-Yakubovsky (FY) schemas are perhaps most attractive since they reduces the Schrödinger equation for three (four) particle systems into a coupled set (two coupled sets) of integral or differential equations which can be used to study the bound and scattering states in a rigorous way. The differential form of FY equations has been successfully applied in nuclear bound states calculations, but there are limitations in its application to atomic systems. The limitation arises from eccentricities of the interatomic interactions, since interatomic interactions often contain very strong short range repulsion which leads to tedious and cumbersome numerical procedure. In calculations of atomic systems, because of the short range correlations, one needs a large number of PWs to obtain the converged results. To overcome this problem few numerical techniques are developed, the tensor-trick method [4, 5] , representation of Faddeev equations in Cartesian coordinate [6] , the operator form of Faddeev equations in total angular momentum representation [7] and also a hybrid method [8] . The three and four-body atomic bound states have been also studied with short-range forces and large scattering length at leading order in an Effective field theory approach [9] - [11] , but these investigations are also based on PW decomposition and the interactions are restricted to only s-wave sector.
By these considerations we are going to extend a numerical method, which has been successfully applied to nuclear bound and scattering systems and avoids the PW representation and its complexity, to atomic bound states. a e-mail: hadizade@ift.unesp.br b e-mail: tomio@ift.unesp.br It should be clear that the building blocks to the few-body calculations without angular momentum decomposition are two-body off-shell transition amplitudes, which depend on the magnitudes of the initial and final Jacobi momenta and the angle between them. Elster et al. have calculated the NN transition amplitude for spinless particles in a non PW representation by using the Malfliet-Tjon type potentials [12] . Our aim in this paper is to calculate the matrix elements of the fully off-shell two-body transition amplitude at negative energies for realistic interatomic interactions, we study the momentum and angle dependence of transition amplitudes. This paper is organized as follows. In section 1 we represent the explicit form of studied interatomic interactions in configuration and momentum spaces. In sections 2 and 3 we present our numerical results for homogenous and inhomogenous Lippmann-Schwinger equations in a non PW representation. An outlook is provided in section 4.
4 He-4 He Interatomic Interactions
In this study as 4 He- 4 He interatomic interactions we use the realistic HFDHE2 [13] , HFD-B [14] , LM2M2 [15] and TTY [16] potentials. The semi-empirical HFDHE2, HFD-B and LM2M2 potentials, which are constructed by Aziz and collaborators, have the general form
where x = r r m , r and r m are expressed in the unit Å. The terms V a (x) and V b (x) read
(2) Fig. 1 . The interatomic 4 He- 4 He potentials as a function of the distance r between the atoms. The region around minima of the potentials is shown in the inset of the figure.
and the function F(x) is given by
The parameters of the HFDHE2, HFD-B and LM2M2 potentials are given in Table 1 . The explicit form of the theoretical TTY potential is
where r stands for the distance between the 4 He atoms given in atomic length units. The function V ex (r) has the form
the coefficients C 2n are calculated via the recurrency relation
and the functions f 2n (r) are given by
where
The parameters of the TTY potential are given in Table 2 . In Figure ( 1) all potentials are plotted as function of distance between the 4 He atoms. Moreover, in the inset to this figure the region around the minima of the potentials is shown for providing a better comparison.
In order to be able to implement the introduced interatomic interactions in few-body atomic bound and scattering state calculations in momentum space, we need to transform these potentials to momentum space. The matrix elements of the potentials can be obtained by following relation
where p and p ′ are magnitudes of initial and final two-body Jacobi momentum vectors, x pp ′ is the angle between them and
is the difference between them. Clearly the knowledge of the structure and range of potentials is important in the calculation of two-body transition amplitudes, which appear in the kernel of the integral equations of two-, three-and four-body bound and scattering calculations. In Figure ( 2) the momentum dependence of the potentials are shown at fixed angles x pp ′ = 0, ±1. As shown all potentials have similar behavior. The ridge around p = p ′ arises from strong repulsive core. The behavior of the potentials at forward angle, i.e. x pp ′ = +1, is different from other angles, and according to Eq. (11) 
This integral equation can be solved numerically by direct or iterative methods. We have solved this integral equation by direct method and the numerical results for dimer binding energy by using the introduced interatomic interactions are given in Table ( 
Two-Body Transition Amplitude
The building blocks for few-body bound and scattering state calculations are two-body transition amplitudes T which follow the inhomogenous Lippmann-Schwinger equation
where V is the two-body, e.g. two-atom, potential and G 0 = (E − H 0 ) −1 is free two-body propagator. For momentum space calculations one needs the matrix elements of transition amplitude in desired energy E which can be obtained by representation of Eq. (13) in two-body basis states [12] 
In order to solve this three-dimensional integral equation directly without employing PW projection, we have to define a suitable coordinate system. To this aim we choose vector p parallel to z−axis and vector p ′ in the x − z plane and express the integration vector p ′′ with respect to them. By this considerations Eq. (14) can be written explicitly as
The ϕ ′′ integration acts only on V(p ′ , p ′′ , x p ′ p ′′ ), so this integration can be carried out separately as
and consequently the integral equation (15) can be written as
For a specific value of the off-shell momentum p and energy E and after discretization of continuous momentum and angle variables, this two-dimensional integral equation can be turned into a system of linear equations as AT = B, where A and B are composed of kernel of integral equation and potential matrix elements respectively. For our numerical calculations we use the Lapack Fortran library [19] to solve the obtained system of linear equations. Certainly for few-atomic scattering state studies one needs to calculate the transition amplitude at positive energies which leads to a singularity in free propagator. This Cauchy singularity can be splitted easily into a principal-value integral and a δ-function imaginary part. Since we are going to use the recently developed formalism for three-and fourbody bound states [20] - [23] for 4 He trimer and tetramer calculations we study the behavior of transition amplitude at negative energies. To this aim we have solved the twodimensional integral equation (18) by using 40 and 41 mesh grids for Jacobi momenta and spherical angles variables respectively. We would like to mention that by considering the symmetry property of the angle argument x p ′ p ′′ , the polar angle integration in Eq. (17) Figure ( 3) at energy E = −100 mK, which is close to 4 He trimer binding energy, in fixed angles x pp ′ = 0, ±1. In Figure (4) we have shown the momentum and angular dependence of half offshell transition amplitude T (p, p 0 = √ m|E|, x; E) at energy E = −100 mK. As shown in Ref. [12] the bound states of two-body system lead to poles in the transition amplitude and the angular dependence of transition amplitude exhibits a very characteristic behavior in the vicinity of the bound state poles, which is given by the Legendre function corresponding to angular quantum number of the bound state
where v l (p, p ′ ) and ψ l (p ′ ) are partial wave components of potential and tw-body wave function. To investigate this characteristic behavior in atomic case we have shown in Figure ( 5) the angular dependence of transition amplitude T (p 0 , p 0 , x; E) at the energy range −400 ≤ E ≤ −1 mK. Clearly we can see by decreasing the magnitude of energy the angular behavior of transition amplitude is corresponding to the zeroth Legendre polynomial, i.e. P 0 (x pp ′ ). For a better representation of this angular behavior we have shown in Figure (6 ) the transition amplitude just for few energies close to dimer s−wave pole and also the magnitudes of transition amplitude at energy E = −1 mK are listed in Table (4) .
Outlook
The first step toward the application of an established non partial wave approach to few-body atomic bound states has been taken. The necessity of using this non partial wave approach comes from this fact that in few-body atomic calculations one needs a large number of partial wave com- ponents, which is caused by very strong short range repulsion of interatomic interactions, to reach proper converged results. Instead of using standard partial wave representation which leads to tedious and cumbersome numerical procedure we intend to extend a non partial wave approach which has been successfully applied to few-body nuclear systems. In the first step toward this goal the matrix elements of transition amplitudes which appear explicitly in the few-body calculations have been calculated directly as function of two-body Jacobi momentum vectors. The calculated matrix elements can be entered in kernel of three-dimensional Faddeev-Yakubovsky integral equations to study the 4 He trimer and tetramer ground and exited states. The numerical calculations for these bound states are currently underway. 
